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Fig. 3 Pressure difference between the trailing-edge upper and lower
panels vs trailing-edge angle.

Fig. 1 Pressure distribution on an airfoil with a cusped trailing edge.
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Fig. 2 Lift force vs airfoil thickness ratio.

predicted from linear analysis, Eq. (5), is 14% whereas Eq. (6) pre-
dicts an error of 16% based on a value of C of 0.55.

The lift coefficient is plotted vs airfoil thickness in Fig. 2 for air-
foils with wedge trailing edges. The results for n = 3.1415 with 90
and 180 panels are indistinguishable from those of Ref. 3 and devi-
ate markedly from theory for less than 5% thickness. The lift for
40 panels differs slightly from Ref. 3 because of error in integrat-
ing the pressure distribution. The more exact code is within 1% of
the theoretical lift for the 40, 90, and 180 panel cases, including the
thinnest airfoil indicated (tic = 0.25%, h/a = 0.005). The trailing-
edge loading vs trailing-edge angle, Fig. 3, shows a consistent ten-
dency for the original code to have positive loading from excessive
circulation. The more exact code yields trailing-edge pressure dif-
ferences near zero for the 40, 60, and 90 panel cases. Only the last
is shown for clarity.

As seen in Fig. 2, for a thickness of 0.5% (h/a = 0.01) and 90
panels the error in n (-0.000093) in the original code produces an
error in lift of 50%. This agrees with Eq. (6) given a value of C of
0.4 whereas Eq. (5) predicts 33%. For the corrected code (E/TC =
10~7), the ratio N/(h/a) must be less than approximately 80000 if
the lift is to be accurate to 1%. For example, if 90 panels were
used, the trailing-edge angle could be as small as 0.002 if all other
calculations were exact.

VSAERO4 (version E.4), a three-dimensional panel method
used by the industry, was applied without special trailing-edge

treatment to aspect ratio 20 wings, each with a cusped or wedge
airfoil. Ten spanwise divisions were used with 90 chordwise pan-
els. Lift and trailing-edge pressure difference at the wing center-
line behaved the same as the more exact two-dimensional code for
trailing-edge angles as low as 0.005. Sixteen spanwise divisions
were needed for the 0.25% thick wedge airfoil to maintain the de-
sired accuracy. Truncating TI to 3.1415 increased the lift of the 1%
thick wedge airfoil from 0.52 to 0.61 and trailing-edge loading
from 0.01 to 0.96, close to the two-dimensional effect.

Potential-based panel methods require numerical precision in
proportion to the ratio of the number of panels to the trailing-edge
angle for accurate lift calculation. Based on results in two and
three dimensions for airfoils with cusped and wedge trailing edges,
it is concluded that single precision is sufficient for trailing-edge
angles as low as 0.005. The problem studied in Ref. 3 is the result
of imprecise specification of the value of n and is seldom encoun-
tered in computer codes used by the industry.
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I. Introduction

FINITE element and finite volume methods are widely used as
general appoximation methods in the area of computational

fluid dynamics. A direct comparison between the two approaches
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using specially designed test cases can show some of the strengths
and weaknesses of each method.

According to the finite element method, the flow variables are
approximated at points by linear combinations of known shape
functions. The functions can be quite general, with varying de-
grees of continuity at the interelement boundaries. They are locally
defined polynomials within each element. A special integral for-
mulation of the governing equations is considered, called the weak
formulation. This formulation employs weighting functions that
multiply the residual. Assigning the weights to be unity, the basic
finite volume formulation is recovered. The finite volume method
can be derived from the conservation principles of fluid flow. It
expresses conservation of mass and momentum within each grid
cell.

The present work compares a Galerkin finite element scheme
and a finite volume method of central-differencing type. Nonuni-
form grids are employed to test the accuracy and stability of the
two methods. The unsteady Navier-Stokes equations of incom-
pressible flow in two dimensions are considered.1'2 The momen-
tum equations combined with a pressure correction equation are
solved employing a nonstaggered grid where all of the dependent
variables are defined at the cell vertices. The test cases employed
are flat-plate flows for which analytical results exist.

II. Spatial Discretizations
The governing equations are the two-dimensional Navier-

Stokes equations of incompressible flow. An explicit/implicit
marching scheme is adopted for integration in time. The velocity
values are treated explicitly, while the pressure values are treated
implicitly in the momentum equations. The velocity values are
marched in time with a forward Euler scheme.1 The continuity
equation is formulated implicitly with the velocity values consid-
ered at time level (n + I).

The momentum equations can be written in the following con-
servation form:

dt dx dy dx dy

where

if = FT = p ,wv] , GT = [uv,v2

T J_[3w dv~| «r jT^f —1
" Relax ax]' ~ Re Lay' ay]

and Re is the Reynolds number.
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Fig. 1 Comparison of skin-friction distributions for Blasius bound-
ary layer with Re = 103 (uniform grid). ——: FEM; - -: FVM; and o:
Blasius.

A weak formulation is defined using a weighting function W as
follows:

ln^1

= f ?'JQ dy

^ dy

(2)

where £le is the area of each element.

A. Galerkin Finite Element Method
In Eq. (2), the state and flux vectors are approximated as

where the subscript j denotes the values at each cell corner. Ac-
cording to the Galerkin approach, we consider W = Nj. Integrating
by parts Eq. (2), we get the following integral equation:

dUj

~dt
ON;

f l aN; aN; aN. oN,-
= _ u . f J- _-i -^ + —J -^JJaRe\ ax ax ay ay dr (3)^ '

where F is the domain boundary and q is the value of the state vec-
tor at the boundary. All of the terms in the integrands in Eq. (3) are
evaluated numerically using Gauss-Legendre quadrature. In the
present work, bilinear interpolation functions (Nj) are employed to
compare the method to a classical central-type difference finite
volume scheme that is second-order accurate in space.

B. Finite Volume Method
Applying the weighting function W = 1 to Eq. (2), and integrat-

ing over the area of a cell using Green's theorem, it is obtained

~ UdCl + (Fdy-Gdx) = < > (Rdy-Sdx) (4)

where Ye is the boundary of the element domain Qe. The line inte-
grals in Eq. (4) represent the fluxes across the cell edges and are
computed via the midpoint integration rule, as follows;

where Fe,Ge,Re, and Se denote the flux vectors at the midpoint of
the cell edges. Also, S&e is the cell area and Axe, Ave are the edge
projections in the x and 3; directions, respectively. The flux vectors
at the midpoint of the cell edges are obtained as average of the val-
ues at the edge endpoints (central-type differencing).

III. Comparison of Methods
The CPU time on an IBM Rise/6000 for solving the momentum

equations is 1.20 X 10"4 s/cell/step for the finite element method
(FEM), while it is 1.33 X 10^ s/cell/step for the finite volume
method (FVM). The required memory storage is 94 words/cell for
FEM and 41 words/cell for FVM.

Uniform Grid
A Blasius boundary-layer case is calculated with an inlet Rey-

nolds number of 103. An orthogonal grid of 41 X 73 points is em-
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Fig. 2 Convergence history for Blasius boundary layer with Re = 103

(uniform grid). ——: FEM and o: FVM.
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Fig. 3 Effect of grid stretching on skin-friction distributions for Bla-
sius boundary layer with Re = 103 (grid with 50% stretching). ——:
FEM; - -: FVM; and o: Blasius.

ployed. The smallest grid normal spacing of 0.004 is applied at the
wall and a constant grid stretching factor of 1.10 was employed in
the normal to the surface direction.

Figure 1 shows comparison of computed skin-friction distribu-
tions at the wall with that from the analytical Blasius solution.
Both the FEM and FVM results agree very well with the Blasius
analytical solution. Figure 2 presents the convergence history of
both methods via the maximum residual of velocity. The two con-
vergence histories are similar.

Nonuniform Grid
Larger values of the grid stretching factor (fs) are employed

here. These are/^ = 1.50 and 1.70. Figure 3 shows comparison of
computed skin-friction distributions at the wall with that from the
analytical Blasius solution for/s = 1.50. The FEM and FVM solu-
tions agree very well with the Blasius analytical solutions except
for small oscillations. Figure 4 shows comparison of computed
skin-friction distributions at the wall with that from the analytical
Blasius solution forfs = 1.70. Accuracy of both the FEM and FVM
is affected by the relatively large grid stretching. However, the
finite element result is more accurate than the finite volume.

Effect of Smoothing
The effect of the fourth-order smoothing terms on accuracy of

both methods is examined. Blasius boundary-layer cases are calcu-
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Fig. 4 Effect of grid stretching on skin-friction distributions for Bla-
sius boundary layer with Re = 103 (grid with 70% stretching). ——:
FEM; - -: FVM; and o: Blasius.

X 10-2

2 . 5 0

1.00 1.10 1.20 1.30 1.40 1.50 1.60 1.70 1.80 1.90 2 . 0 0

Fig. 5 Effect of smoothing on accuracy of the FEM. Skin-friction dis-
tributions for Blasius boundary layer with Re = 103. ——: O4 = 1.0 X
10-3; —: 2.0 X 10~3; ——: 3.0 X 10~3; and o: Blasius.

lated with an inlet Re of 103. A grid of 11 X 19 points is employed.
The smallest grid normal spacing of 0.016 is applied at the wall
and a constant grid stretching factor of 1.10 was employed in the
normal to the surface direction. A low value of the Re is consid-
ered so that the magnitude of the artificial viscosity term is not
dominant over the magnitude of the physical viscous term.

Three different values of O4 are applied for both methods. These
are 1.0 X 10~3, 2.0 X 10~3, and 3.0 X 10~3, respectively. Figure 5
shows the computed skin-friction distributions at the wall for the
finite element case. It shows that the smoothing terms deteriorate
the numerical accuracy. The larger the value of the smoothing co-
efficient, the further away the numerical solution gets from the an-
alytical one. The effect of increasing the amount of smoothing is
very similar for the finite volume method, as well.

IV. Concluding Remarks
A Galerkin finite element method that employs bilinear inter-

polation functions, as well as a central-type differencing finite vol-
ume scheme that employs linear interpolations, were compared
in terms of accuracy, stability, and computing requirements. Two
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were the points of comparisons; 1) sensitivity to grid quality and
2) effect of artificial dissipation.

The two methods were stable and equally accurate with uniform
grid. The finite element method was found to be less sensitive to
grid nonuniformity for the cases considered. Finally, the FEM and
FVM required approximately the same amount of computing time
per cell per step. However, the amount of required memory storage
was more than double for the FEM.
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where the conserved quantities Q and flux F are

pu

Q = F =
+ p)u

(Ib)

and where p is the density, u is the velocity, and e is the total
energy per unit volume. The pressure p is related to the conserved
quantities through the equation of state for a perfect gas:

dc)

The cell interface flux FLR can be evaluated by the HLLE
scheme1 as

(2a)

where
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A =

A =
u 0

u + c
0 u-c

(2c)

(2d)

and where R, A, and L are the right eigenvector, eigenvalue, and
left eigenvector matrices, respectively, of the Roe-averaged Jaco-
bian,4 / is the identity matrix, and the subscripts L and R indicate
the left and right states. The HLLE scheme defines b+

R and b~L as

Introduction

A PPROXIMATE Riemann solvers have been highly success-
ful for computing the Euler/Navier-Stokes equations, but lin-

earized Riemann solvers are known to fail occasionally by predict-
ing non-physical states with negative density or internal energy.
Positively conservative schemes, in contrast, guarantee physical
solutions from realistic input. The Harten-Lax-van Leer-Einfeldt
(HLLE) scheme is a typical example of a positively conservative
scheme.1 However, the HLLE scheme is highly dissipative at con-
tact discontinuities and shear layers and thus it is not applicable to
practical simulations. An existing modification to the HLLE
scheme, known as HLLEM, enhances the resolution to that of the
Roe scheme.2 However, this modification violates the positivity of
density and internal energy. Precise derivation of the modification
yields a quadratic inequality and thus requires a case-by-case treat-
ment.3 This Note describes a new, modified HLLE scheme that
satisfies the positively conservative condition approximately.
Sample computations are included to demonstrate the resolution
and the robustness of the scheme.

Algorithm Development
For brevity, the Euler equations are limited to one Cartesian

space dimension. The conservation form of the equation is

Qt + Fx = 0 (la)
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bR = max (u + c, UR + CR, 0)

b~L = min( u- c, UL - CL, 0)

(3a)

(3b)

This scheme satisfies all of the stability, entropy, and positively
conservative conditions required for the nonlinear difference equa-
tions.1"3 Numerical dissipation determined by bR and bL could
still be reduced under the stability and positively conservative con-
ditions.1 However, the resulting scheme would violate the entropy
condition3 and thus it is not used here.

The HLLE scheme approximates the solution of the Riemann
problem with twojwaves propagating with speed of bR = max(w +
c, UR + CR) and bL - min(w - c, UL - CL) and a state QLR between
those waves. Comparing with the Roe scheme, the HLLE scheme
introduces large numerical dissipation to contact discontinuities.1
The modified HLLE (HLLEM) scheme exhibits a similar resolu-
tion to the Roe scheme,1 but the resulting scheme violates the pos-
itively conservative condition.3 A new modification3 which satis-
fies the positively conservative condition is obtained by replacing
the state QLR with

QLR =
QLR - 5£A<2, for x/t < (bL + bR) /2

QL , for x/t > (bL + bR) /2

where

and

QLR = \bRQR ~ bLQL - (FR - FL)]/(bR - bL)

= R
1

0 \LAQ =
oj

_ c Ap - Ap
' i A

c

(4a)

(4b)

(4c)


